We carefully re-analyse a lattice model of oriented closed bosonic strings in light cone gauge due to Klebanov and Susskind, completing the procedure suggested by these authors for solving for the spectrum. Our results enable us to relate the concept of minimum distance in bosonic string theory in un-compactified space to the phase structure of strings on tori, and in particular their duality symmetry. Generalisations to a theory of arbitrary dimension are given.
I. Introduction
In the realm of bosonic and superstring theories, many of the questions of physical principle seem as difficult as they ever were. To name but one example, the tachyon which forced the construction of'superstring theories originally, reappears unbidden in the canonical partition function of finite temperature superstring theories [I,z] .
Inevitably one is led to consider the possibility of phase transition to a new vacuum at the appearance of such tachyons. In order to study such phenomena it is necessary to have a non-perturbative framework for string theory. This requires both a second quantized formulation and a non-perturbative regularization, in conventional language. A possible basis for such a framework in fact appears in an ingenious paper by Klebanov and Susskind [3] , where they study a light-cone lattice hamiltonian originally proposed for investigating lattice gauge theory. It is a matrix model on a D -2 dimensional transverse lattice, in which string excitations arise for a broad range of parameters.
In fact lattice regularization of transverse space in the light cone formulation of bosonic string theory is a key to revealing the wild spatial properties of strings and their lack of short distance structure. It is these properties that we concentrate upon in this paper. In the following section 2 we give a short review of the curious spatial properties of the bosonic string.
In sections 3 and 4 we shall study a version of the light cone hamiltonian proposed in ref. [3] , which in a certain limit describes free strings without the necessity of tuning a spatial lattice spacing to zero. The spectrum given in ref. [3] in fact appears to be double that of free string theory. By imposing hitherto neglected Hilbert space constraints we will see that the spectrum is indeed that of a free string. In section 5 we go on to discuss the phase structure of the lattice model to the extent that this is possible for the unrealistic free theory. It is found that the spectrum in un-compactified space is unchanged when one varies the lattice spacing between zero and rRor where El. = l/v?! is the self dual radius of circle compactification. At these limits there exist phenomena corresponding to 'deconfinement' and '(de)roughening' transitions, respectively. We view the spacetime approach to critical behaviour in this paper as complimentary to the regularized random surface approach.
For convenience, we will start in one transverse dimension (i.e. a linear lattice) as in ref. [3] . A lattice scheme for more transverse dimensions is given in section 6.
II. Spatial Properties of Strings
The 2-dimensional scalar fields X' giving the string worldsheet location in spacetime are not well defined fields. They are not Wightman fields.
They have unremovable IR divergences associated with them. Of course, one could regard this behaviour as merely a nuisance and construct formal procedures for taming it. We prefer to regard it as an important clue to the understanding of string theory. Such is the unruly nature of Xv that it is probably impossible to give any sensible definition of a local physical quantity in string theory, except through the trivial procedure of calculating a global quantity and dividing the answer by the volume of space. The spectrum, S matrices and vacuum energy are classic results. They are global results.
When one tries to localize the string, for example in calculating the vacuum energy in a finite box [4] , the result is nonsensical. In this case one is breaking conformal invariance explicitly. The lack of UV divergences in the standard calculation of the total vacuum energy is a consequence of modular invariance, which cannot be maintained in the localization procedure.
The physical, gauge-invariant modes of the string are most easily analysed in transverse space of the light cone system. Free string oscillations in each independent direction are equivalent to an infinite tower of harmonic oscillators. Zero-point motion of these oscillators causes delocalisation of the string, in transverse space, so that the wavefunctional 'I' of ground and finite excited states describes strings with divergent length expectation [5] :
These strings till transverse space many times over (having infinite ntive Hausdorf dimension 
which can be derived from a Lagrangian with kinetic term 2(8M/aX+)(BM/BX-).
Here Q is the lattice spacing while a,/.~, A are dimensionless constants (in general dependent upon a), and throughout this paper we set the string theory a' = l/2. The Mak(q = @J-I) (3.3) where the dagger symbol here does not act on indices but has,, a purely quantum meaning. Link fields may be decomposed into creation and annihilation operators -dk+(Aab(k+)e-i*+X-+ &+&+)&k+X-) (3.4) which obey commutation relations
Each link is assigned a direction and Ab,(k+) creates a string bit which carries longitudinal momentum k+ and points from index a to index b along the link's direction.
Similarly, Bi,,(k+) creates a bit pointing from b to a and opposite to the assigned di-
rection. An oriented closed string state is defined as the trace over creation operators In order to reproduce the expected characteristics of bosonic strings in transverse space, namely divergent length, a sufficiently negative value of p is taken. That this gives the desired instability can be seen by looking at the term in P-:
where the expectation value is taken in a state of total N links. For /.J sufficiently negative it is favourable to have a large number of links, each carrying a small fraction of the total longitudinal momentum.
In light cone formalism the longitudinal momentum between two points on the string is proportional to the amount of g-space between these points. For p sufficiently negative each string bit carries an infinitessimal portion of o-space2 and we have a continuum limit on the string. The spatial lattice spacing a remains untouched. The spectrum with respect to the ground state can now be solved for by evaluating the expectation of the other terms in P-in a basis of states with total number of links N + co.
IV. Spectrum
On a linear lattice a string of length N can be represented by a series of N pluses and minuses. A label for the centre of mass motion is also needed. It is therefore convenient to think of these configurations as a series of Ising spins together with an overall phase factor, for which a typical string state would be denoted by The full hamiltonian now reads
up to a quadratically divergent constant (as N + co) and A is related to X. Equation and a can be any integer. The integers r,~ are the usual string mode excitation numbers. Q has integer (half-integer) eigenvalues for N even (odd) respectively. The model is continuously critical in the range -1 < A < 1, so that the above equations are appropriate for l/4 < g < co (0 < arccosA < r).
The string interpretation of this is as follows. Equation The spectrum becomes [6] E= $+2g(a+po/n)z+r+~ and we should take CY even. If transverse space has L'links then the winding number is 2Q/L, being an integer for closed strings, and we have compactification at radius R = aL/2~. Once again we require winding modes to make the correct contribution to the spectrum. Reworking the analysis one finds again equation (4.9). We thus have R -+ co as L -+ co with a unaffected (and fixed and non-zero through (4.9)).
As L + co the momentum zero mode becomes continuous and we have free strings in un-compactified space.
In the case of un-oriented closed strings we should mod out the Hilbert space by 
VI. More Than One Transverse Dimension
The most natural generalisation of P-to greater than 1 transverse dimension is to take a D -2 dimensional lattice and consider terms in P-which are again traces around all possible loops of length 2 or 4. In order to prove equivalence to D -2 uncoupled XXZ models we find it convenient to work, not on a hyper-cubic lattice, but on a lattice of body diagonals of the latter (i.e. the lattice generated by the 
